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We analyse the instability dynamics of a nematic liquid crystal under steady plane Couette
flow. Weak anchoring for molecules of the nematic at the boundaries with an easy axis
perpendicular to the flow plane is assumed. Orientation of the director along the easy axis is
our basic state. Previously (Tarasov et al., 2001, Lig. Cryst. 28, 833), it was found that the
critical shear rate of the primary instability of the basic state strongly decreases with
anchoring strength. In the present study our interest was to examine the effect of the
anchoring strength on the nematic dynamics in the regime with a slightly supercritical shear
rate. It was found that for weaker anchoring the director rotates more strongly and the
relaxation time of the amplitude of the basic state perturbations significantly increases.
Results obtained can be used for experimental measurements of the anchoring strengths.

1. Introduction

Over recent decades, considerable efforts have been
directed at examining the anchoring of liquid crystals
(LCs) on solid surfaces with different morphologies. It
is now widely known that the character of the surface
interactions and LC ordering in the boundary layer
strongly influence (if not determine) the bulk dynamic
characteristics of the LC (orientation and relaxation/
switching times), which are extremely important for
optical devices [1, 2]. On the other hand, much less
information is available on the role of the surface forces
in pattern-forming instabilities, in particular, in the
pattern selection. Patterns in LCs under a hydrodyna-
mic flow, because of flow’s ubiquitous character, are of
special interest.

To extend our knowledge as to the role of anchor-
ing conditions in hydrodynamic instabilities in LCs,
we have turned to the dynamics of the (primary)
homogeneous instability under steady plane Couette
flow. The plane Couette flow is generated in a fluid
between two parallel plates moving along the same axis
with a certain constant velocity relative to each other.
We concentrate on the case when the director at the
bounding surfaces (substrates) is anchored perpendicu-
larly to the flow plane, i.e. the plane spanned by
the velocity of the primary flow and its gradient. For
symmetry reasons, this orientation together with the
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linear velocity profile is the solution of the nemato-
dynamic equations [3, 4] for any shear rate. This is
our basic state. Such an orientation of the director
is generally unstable, but may be stabilized by
boundaries or external fields (for instance, a magnetic
field) [5].

Experimentally, this system for the nematic MBBA
has been investigated by Pieranski and Guyon [6, 7] in
the 1970s, and more recently by Boudreau er al. [8].
It was found that the basic state loses stability when a
flow with a critical shear rate s. is applied. For a zero
or sufficiently weak magnetic field applied parallel to
the initial director orientation, the homogeneous
instability occurs. The type of instability changes to
spatially periodic if the magnetic field is sufficiently
strong [6]. In this case one observes rolls parallel to
the flow direction. The mechanisms leading to the
homogeneous or roll instabilities are generally well
understood [6, 9]. The rolls are also observed in the
absence of the magnetic field well above the threshold
of the homogeneous instability [6]. The primary
instabilities were investigated theoretically by Leslie
[10] and Dubois-Violette and Manneville [9, 11-13].
The theoretical results were found to be in good
agreement with the experiments of Pieranski and
Guyon. Manneville has studied the dynamics of
the director slightly above the threshold of the
homogeneous instability [12]. He found that the
director rotation is proportional to the overcriticality
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e=|[(s—sc) /sc]%, where s is the shear rate. This has been
confirmed experimentally [8].

One has to note that theoretical investigations have
been performed under the assumption of strong
anchoring of the director at the substrates. Recently,
the homogeneous and spatially periodic instabilities
in a NLC subjected to steady plane Couette or
Poiseuille flow have been studied by means of a
linear stability analysis in the case of weak director
anchoring at the confining surfaces [14-16]. It has
been established that the critical shear rate reduces
with decreasing anchoring strengths. In the case of
Poiseuille flow of the nematic MBBA the variation
of the anchoring conditions can cause a crossover
between two types of homogeneous or spatially
periodic (roll) instabilities. In Couette flow of MBBA
no such crossover was found, but the situation changes
for slightly different material parameters [16]. These
results are indicative of the strong influence of the
anchoring conditions on the parameters of the
instability and the pattern selection. In turn, a flow
of oscillatory type was found to induce surface
orientational transitions [17].

Here we focus on NLC dynamics slightly above
the threshold of the homogeneous instability in
steady Couette flow, taking into account anchoring
conditions for the director. We formulate the problem
mathematically in §2. Starting from the well known
Ericksen—Leslie equations [3, 4], we define the expan-
sion scheme and derive the equation for the amplitude
of the director and fluid velocity perturbations
from the basic state in §3. In §4 the data on the
relaxation time of the perturbation amplitude and the
rotation of the director as functions of the anchoring
strengths are presented and compared with available
experimental findings. We discuss the results and
conclude in §5.

2. Formulation of the problem

We consider a NLC layer of thickness d sandwiched
between two parallel infinite plates. The origin of a
Cartesian coordinate system is placed at the centre of
the layer with the z-axis perpendicular to the bounding
plates. Steady Couette flow is generated by one plate (at
z=d/2) moving with constant velocity V' along the
x-direction and the other plate (at z= —d/2) fixed. The
spatially constant shear rate is s= V" %/d.

The confining plates provide the preferable director
orientation n” along the y-axis (easy axis). In the case of
small director deviations A=n—n° at the substrates, the
energy costs of the distortion can be described by the

potential

Fs=%Waf1§ +%Wpﬁ§,
where W, is a ‘polar’ anchoring strength related to
out-of-substrate-plane director deviations and W, is an
‘azimuthal’ anchoring strength related to deviations
within the substrate plane.

The boundary conditions for the director perturba-
tions n can be obtained from the surface torque balance
equation

W,>0, W,>0 (1)

F. F.
t ki + 55 0, 1k + 2,
S 0ny Sy
forz=+ d/2. (2)

Here K;; and K,, are splay and twist elastic
constants, respectively. The notation f,.=df/0z is used.

The basic state is given by the stationary homo-
geneous solution of the standard set of the nemato-
dynamic equations [3, 4]

n’=(0,1,0), v'=(+%0,0) (3)

where V0 =V°(1/2+z/d).

In what follows we consider the temporal evolution
of homogeneous perturbations to the solution (3) in the
form

n=n’+ (i, it,, i), v=v"+(by, ¥y, ¥.) (4)
where #; and ¥; (i=x, y, z) are functions of coordinate z
and time 7. One notes, that in the homogeneous
problem, only x and z components of the director
perturbations and the y component of the velocity
perturbations are relevant. The equations for the other
components remain uncoupled. Moreover, from the
normalization condition n*=1 one has n,=0. Let us
introduce the dimensionless quantities

z t

E:En ;:aa S:ﬂfds,
Pbe (5)
Vy:?df’ya Nx:ﬁfl)m Nz:flz
with
> 3Kl n
=_=_=_ p=-_ 6
oy K11 b 13 (6)

and orientational and viscous characteristic times
(—O(z)d2 pdz (7)
— T,=—.

K o
Here 1y = (03 + 0q+ 06)/2, n3=04/2, p is the mass density
of the nematic, «; are Leslie coefficients related to
viscosity and Kj; are elastic constants. It is useful to

note that for the material parameters of MBBA [18§]
and d=150 um (parameters of the experiment [8], see

Td=



16: 46 25 January 2011

Downl oaded At:

Shear-induced rotations 1237

below) the orientational relaxation time t4=~6x 10%s,
while 7,~6x 10~ *s.}
It is convenient to express the shear rate as

0
S=d, d*= Vdrd p. (8)

Further, the boundary conditions (2) and no-slip
boundary condition for the fluid velocity reduce to

TN +waNy=0

+N._+wpN.=0 9)
V,=0
at z= +1/2, where the dimensionless quantities
Wa=Wad/Ky, wp=Wyd/Ky (10)

are introduced. In the limit of strong anchoring (w,,
wp—) one has N,=N.=0 at z=+1/2, whereas for
torque-free  boundary  conditions = (w,,  wp—0)
N, =N. =0 at the boundaries. Since experimental
measurements show W, changing from 1077 to
107°Jm™2 [19], the dimensionless quantity Wp 18
ranged from 4 to 4x10* for d=150 ym and MBBA
material parameters [18]. Azimuthal anchoring strength
W, and, consequently, its dimensionless relative w, are
at least one order of magnitude smaller [19].

3. Analysis
Using expressions (4), the system of nematodynamic
equations [3, 4] can be written in the form

0
&x=£(5)x+h(x, S) (11)

where x=(N,, N., Vy)T, L is a linear differential
operator, the shear rate S represents the control
parameter and h is a non-linear part.

Renormalizing the velocity as V,=(1—5b)Y [12] the
linear operator can be written

S 0. 0
£=|o. bS (1-b)So. | (12)
0 —(1—b)So. —(1—b)So..

where 0,=0/0z and so on. Then the linear operator
becomes self-adjoint L=L". ]
Introducing a small parameter ¢=[(S—S.)/Sc]?, we
define the expansion
x=exV 4+ 2P 4 x4
(13)
S=Sc+eS1+ES+S3+ ...

TMBBA material parameters at 25°C [18]. Elastic constants,
107°N:  K;1=6.66, K»n=42, K33=8.61. Viscosities,
107°Nsm™ oa;=—18.1, xp=—1104, az=—1.1, 2,=82.6,
as=77.9, og=—33.6. Mass density p=10"kgm >.

The critical slowing down inherent to the theory of
critical phenomena [20] suggests introducing relevant
time scales through

0 0 , 0

aZEG—Tl‘FE 012"‘... (14)

Substituting equations (13) and (14) into (11) one gets
at the first order in ¢ the linear problem

L(S)xV =0. (15)
The general solution of equation (15) is
xW=A(1, 15, ...)u (16)

where A4 is an amplitude, as yet undetermined, and u is
the eigenvector obtained in [14], as well as the critical
shear rate S, =a2. We give for reference the solution of
the linear problem corresponding to the relevant even
(symmetric) type (see [14] for details):

N, =mypcosh(acz)+cos(acz) —
—w, '[wacosh(ac/2) +acsinh(ac/2)]
(mp+ma)
N. = —mpcosh(acz) +cos(acz) (17)
(1=b6)Y =mp(1—b)acsinh(acz)+ (1 —b)acsin(acz) +
+w, '[wacosh(ac/2) +acsinh(ac/2)]
(mp +ma)a§bz.
with
Wp(a)€OS(ac/2) —acsin(ac/2)
Mpla) = Wp(a)cosh(ac/2) +acsinh(ac/2)

We retain, in the following, the notation for the
components of the linear problem solution as in
equations (17).

From the analysis of the equations at the second
order it follows that S;=0, d4/0t;=0 and x®=0.
Then, one may choose S,=S. and one obtains at the
third order in ¢

L(S)x® =q®. (19)

(18)

Clearly, the solvability condition
ut, q¥>=0 (20)

+

has to be satisfied, where u™ is the solution of the

adjoint problem
LT (SHut =0 (21)

and the scalar product {a, b)= fl/f P ab dz. Since the

linear operator L is self-adjoint, one has u* =u. The
solvability condition (20) yields the equation for the
amplitude 4.

The components of the inhomogeneity q© in
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equation (19) are given by
q) = —ASN.+ A’p1+4.,(1— )N,
1-4
Q5 = —AbSNy+Apy+ A, — BN

) % (22)
0 = A(1=b)ScN. + Aps+ 4.,

{(1 —b)z—:SCY—ocgﬁzNz_:}
with
1= (1 _k32)(‘]\":2]\]9‘:),;_]V)C (ﬁIZNV‘%: +NZZ:) -

1 11—
— — N.VY_ {1 —ki+ } N, N.N._
ﬁb X 12 ﬂzb XNz IV z o,

1 1
P2 = — (k31 —2k» )N,f_:N; — =Ny V,@ _kSINzNZZ__, +

3 ;
1 I 5, 5
+5(1=0)Sc| 5N +NZ Y.
2 B
n {1 . #} NN 3)

1—b (1—b)?
- -~ @) _ 2
D3 ﬁb (Nx Vx_; )’Z ﬁzb SC (N‘c Y»Z),:

—%[l—b—i—Zoc’l]Sc (NZNy) _ —

\Z

— (e =) (1—b)b~"'S. (N2Y2)

11-5
2 5
where (N,, N., Y) are from equations(17), u';=nins,
o j=ains, A=aslo, and k;=K;/K; The velocity Vf)
can be found from the uncoupled x component of the
Navier-Stokes equation at the second order in ¢:
1-b
v =Co— TNXN:_: —BbSc(nh—1)N2. (24)

Se (V)

\Z

The coefficient C, is determined from boundary
conditions for the velocity I/f) (z=+1/2)=0:
1/2

N2dz. (25)

1—b 1/2
J NiN._ dz+BbS.(n,—1) J
—1/2

Co=——
T B —1)2

Introducing a new amplitude B=¢A4 from the
solvability condition (20) one gets

S-S

C

3B, = B—gB. (26)

The amplitude equation (26) is the central result of

the present study. The coefficients in equation (26) are
expressed via

=, g=2 (27)
ar as
with
ap :(1_)u)(1+k21)<Nx, NZ>—
—(1=b) 2 SCY, Yy =Y, N>
d ) 28)

a2=SC<N:, Nz>+b<Nm Nx>_(1 —b)<Y, Nx,:>
a3 =<{Nz, p1)+<{Nx, p2)+<Y, p3).

All g; occurring are positive for w, ' and w, ! smaller
than one. The magnitudes are a; ~ O(1), a, ~ O(10) and
as~ 0(10°).

Equation (26) describes the dynamics of the director
and the fluid velocity slightly above the threshold of the
homogeneous instability:

n=n"+Bn™ v=v'4 By'" (29)

where n'™", vi" is the solution of the linear problem (17)
in physical units.

4. Results and comparison with experiment
Recent conoscopic observations of the nematic
MBBA under steady shear flow [8] provide data for a
comparison with theoretical results. Let us introduce a
twist angle ¢ and a splay angle 6 in the following way:

ny=cosl cos¢, n,=cosd sing, n.=sind. (30)

Then, the twist angle qb:tan_l(ny/nx) and the splay
angle O=sin"'n.. For small perturbations of the basic

100
ob
[5)
ko)

- 10_
“x
<
jaw]
(=2
e’ 1 |
CDE

0,1 . . . ;
0 30 60 90 120 150
time, s

Figure 1. Twist and splay relaxation of the director. Symbols
are experimental data from [8], solid and dashed lines are
theoretical calculations for 90°—¢,, and 0,,, respectively.
Rigid boundary conditions are assumed in the
calculations.
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p 00 00

Figure2. The (dimensionless) relaxation time tp (27) vs.
anchoring strengths: d=150 um, for material parameters
of MBBA see [18].

state (4) one has
n/2—¢x iy, 0= n.. (31)

From the analysis of the conoscopic images it is
possible to extract the angles ¢,=¢(z=0) and
0n=0(z=0) [21]. In figure 1 the twist and splay
relaxation of the director after cessation of the shear
flow with slightly supercritical shear rate is presented.}
Symbols are experimental points from [§8], lines are
theoretical data calculated for rigid boundary condi-
tions. Fitting of the experimental data to an exponen-
tial gives relaxation times 74~46.0s and 7y=29.5s for
¢m and 0, respectively (one can see in figure 1 that on
the logarithmic scale the lines for ¢, and 0, are not
parallel, at least for initial times). The reason for the
difference in twist and splay relaxation times is unclear.
In the framework of the amplitude equation approach
the time relaxation is the same for both components of
the director (i.e. for both angles ¢, and 6,,) and the
velocity. From equations (27) and (28) it follows that
for MBBA material parameters [18], the LC layer
thickness d=150um and strong anchoring for the
director 15~48.4 s, which is in good agreement with the
relaxation time of ¢,.

It is interesting to investigate the ratio of the director
component perturbations [or twist and splay angles due
to expressions (31)], which is independent of the
overcriticality ¢, since #, and 72, are parts of the

fAn exact value of the critical shear rate is not reported in [§],
but from the presented graphs it can be estimated by
interpolating the data to be about 0.14-0.15s~'. From our
calculations for the parameters of this experiment (d= 150 pm,
MBBA material parameters [18]) it follows that the critical
shear rate is ~0.19s .

eigenvector of equation (15). Using equations(31) and
(17) one has for the angles in the middle of the layer
T

§_¢m B l 1+myp _ wycosh(ac/2) +acsinh(ac/2) mp+ny (32)

Om B 1—my, Wa 1—m,

For rigid boundary conditions this ratio constitutes
~11.7, which is in good agreement with experimental
data [8], giving =12 for times ¢#>30s (see figure 1). For
weaker anchoring the ratio (32) slightly changes and
approaches =~12.6 with w,, w,—0.

In contrast, the relaxation time tp appears to be
strongly influenced by the anchoring strengths w, and
wp. Strong anchoring conditions give the lower limit for
7g. In figure 2 the dependence of 75 on w, and w, is
presented. The relaxation time increases with decreasing
anchoring strengths and changes its magnitude by
almost a factor of five in the range of w, and w, shown

o o e e
oS
ST
RRKHL

e,
e,
S

e

Figure3. Twist angle ¢y, vs. anchoring strengths for €2=0.1:
d=150 pm, for MBBA material parameters see [18].

1.0 0,0

Figure4. Splay angle 0., vs. anchoring strengths for €2=0.1:
d=150 pm, for MBBA material parameters see [18].
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in figure 2. Clearly, such a large variation of the
relaxation time could easily be detected experimentally.

The stationary solutions of equation (26) can be used
to calculate the orientation of the director for a given
overcriticality €. These solutions have been studied by
Manneville for strong anchoring conditions [12]. For
the case of weak anchoring the turning angles ¢, and
O versus w, ' and w, ! are presented in figures 3 and 4,
respectively. One can see that the twist angle ¢, for
large w, and wj, is mainly controlled by the azimuthal
component w, of the anchoring strength: for large w,
the angle ¢,, remains almost unchanged as w, varies
(figure 3). For the splay angle 6, the situation is
reversed (figure 4). The variation of the turning angles
with the anchoring strengths is well pronounced.

5. Conclusions

The study of the relaxation of the perturbation
amplitude after cessation of Couette flow with slightly
overcritical shear rate presented here makes it clear that
changes to the anchoring strengths w, and w, lead to
strong variation of the relaxation time 7. This effect
can be used to obtain a reliable estimate of the
anchoring strengths in addition to the effect of a
reduction of the critical shear rate under weak
anchoring conditions. Since 75 is a monotonic function
for each of w, and wy, (see figure 2) it is sufficient to
measure the relaxation time once in order to calculate
both components of the anchoring force. The changes
in the director turning angles ¢,, and 0, obtained by
varying the anchoring strengths can also be used for
experimental measurements of w, and wp, although this
effect is not as strong as in the case for the relaxation
time 73 In the practically important range
w, ', wy ' <0.25 (for LC layer thickness =150 um)
modern experimental techniques are powerful enough
to resolve small variations (several degrees) of these
angles with w, and wy,.

It is now known that for a slightly different set of LC
material parameters the primary instability can change
its type and become spatially periodic [16], which is
analogous to the case of MBBA with a strong enough
magnetic field applied perpendicular to the flow plane.
This means that there exist two ‘dangerous’ modes with
similar growth rates near the transition from one type
of instability to another. It would be particularly
interesting to investigate the orientational dynamics of
a LC in a weakly non-linear regime in the region of
these parameters by means of an extended weakly non-
linear analysis [22]. This work is intended for the future.
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